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Abstract

The differences between two differential Reynolds stress models (DRSM) and their corresponding explicit algebraic Reynolds
stress models (EARSM) are investigated by studying fully developed axially rotating turbulent pipe flow. The mean flow and
the turbulence quantities are strongly influenced by the imposed rotation, and is well captured by the differential models as
well as their algebraic truncations. All the tested models give mean velocity profiles that are in good qualitative agreement with
the experimental data. It is demonstrated that the predicted turbulence kinetic energy levels vary dramatically depending on the
diffusion model used, and that this is closely related to the model for the evolution of the length-scale determining quantity.
Furthermore, the effect of the weak equilibrium assumption, underlying the EARSMs, and the approximation imposed for 3D
mean flows on the turbulence levels are investigated. In general the predictions obtained with the EARSMs rather closely follow
those of the corresponding DRSMs.
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1. Introduction

Fully developed axially rotating pipe flow is an often used test case for turbulence models. The unintuitive deviation from a
solid body rotation in the fully developed state can be ascribed to an intricate influence of, and interaction between, the Reynolds
stress components. The prediction of the resulting effects of the axial rotation is a difficult challenge for engineering type of
turbulence models. The standakd- and K —w two-equation models are essentially unsensitive to rotation and are therefore
unable to capture the phenomena that are characteristic to rotating pipe flow such as a parabolic-like azimuthal velocity profile
and an increasingly laminar-like axial velocity profile for increasing rate of rotation. Models based on the transport equation of
the Reynolds stresses offer a choice where more flow physics such as rotation can be included in a natural way.

Fully developedotating pipe flow constitutes, by definition, a 3D mean flow. This can be seen by forming the invariants of
the mean velocity gradients. For a 2D mean flow, aaprotating pipe flow, there are two independent invariants while for a
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3D mean flow there are up to five, three for this particular case. In this sense the 3D character of the mean flow is continuously
governed by one parameter only, the axial rotation rate of the pipe. The 3D effects can therefore be made gradually more
important by increasing the rotation rate. The dependence on one spatial coordinate only, makes the numerical implementatior
relatively simple.

Related studies of interest include a recent study of Jaletlal. [1] in which a number of models are tested for different
rotating and swirling flows. Fu et al. [2] performed a comparative study of the performance of different modelling approaches
for axisymmetric turbulent shear flows with and without swirl. Hirai et al. [3] studied the laminariztion phenomena in an axialy
rotating pipe flow. Pettersson et al. [4] investigated the performance of linear and nonlinear Reynolds stress transport models
in conjunction with the relaxation approach of Durbin [5]. Wallin and Johansson [6] discussed the mechanism behind the
parabolic shape of the azimuthal velocity profile in relation to EARSM predictions. Direct numerical simulations have been
performed by for instance Eggels et al. [7] and Orlandi and Fatica [8]. Imao et al. [9] studied fully developed rotating pipe flow
experimentally and Facciolo [10] has presented a recent experimental study that also includes the swirling jet. Oberlack [11]
analyses fully developed pipe flow by using symmetry methods. In a recent study byckahitiHanjalk [12], a model for the
turbulence kinetic energy and stress dissipation was proposed. The performance of this model was evaluated for e.g. rotating
pipe flow.

An explicit algebraic Reynolds stress model (EARSM) is the result of a formal approximation of a full differential Reynolds
stress model (DRSM) in the weak equilibrium limit. The resulting constitutive relation is used together with a two-equation
platform, in this case th& —w model. The aim with the present study is to investigate how the differences between an EARSM
and a DRSM affect the flow predictions. One of the main focus points of the present paper is to increase the understanding
of how the two platform equations interact and also how the EARSM assumptions affect the predictions. The scrutiny of this
problem is an important step on the way towards better two-equation platforms, for EARSMs.

Four different models have been tested, the EARSM by Wallin and Johansson [6] (WJ-EARSM), the extension of the WJ-
EARSM to nonlinear pressure strain rate models proposed by Grundestam et al. [13] (GWJ-EARSM) and the corresponding
DRSMs denoted L-DRSM and NL-DRSM, respectively. This means that the calibrated EARSM-parameter values have been
applied to the corresponding DRSM without any recalibration. The “log-layer” was, however, still in good agreement with the
DNS data by Alvelius and Johansson [14] for nonrotating channel floReat= uh/v = 180 whereh is the half channel
width. For the DRSM-computations, the-equation has been used to determine the lengthscale, and for the EARSM, the
standard high-R& —w equations have been used as model platform. Thus, the EARSM and DRSM should be as comparable as
possible.

2. Governing equations

Fully developed rotating pipe flow is a 3D mean flow which is dependent on one spatial coordinate mnéycylindrical
coordinate systen, 6, z). The mean velocity flow field is constrained to the axial and azimuthal directions. The radial mean
velocity is zero in the fully developed state. The Reynolds averaged Navier Stokes equations for the azimuthal and axial mean
velocities are given by
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The components of the Reynolds stress tensor are given by their transport equation which in a Cartesian coordinate system ca
be written as

—="Pij —e&ij +11ij + Dij ®)

whereP;; is the productiong;; the dissipation rate tensaf];; the pressure strain rate tensor @g the diffusion of the
Reynolds stresse®)/ Dt = d/9t + U d/dxy. is the advection by the mean flow.

In (3) and in the auxiliary lengthscale-determining equation (e.gotkguation (9)), all the quantities except the production
of the Reynolds stresseB; ;, have to be modelled. The production can be expressed explicitly in terms of the strain and rotation
rate tensors
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and the Reynolds stress tensor. In both the DRSM and, in particular, the EARSM formulation the Reynolds stress anisotropy
tensor plays a fundamental role. It is defined as

Ui
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whereK = %u,-u,- is the turbulence kinetic energy. We may utilize these quantities to express the production tensor as
4
P:K(—ES—(aS+Sa)+a.Q—Qa>. (6)

A matrix notation is used in (6), where eafs has the componentsg; Si ;. For rotating pipe flow, the mean strain and rotation
rate tensors evaluated in a nonrotating frame of reference, read
dug  Ug dU;
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Since the problem is formulated in a nonrotating frame of reference the effect of rotation enters only through the boundary
conditions on the azimuthal mean velocity. Thus, no Coriolis term appears in (3 amaks no explicit dependency on the
angular velocity of the pipe.

We here choose = ¢/(8*K) (8* = 0.09) as the lengthscale determining quantity. The modelled transport equation for
reads

ow 3] 2
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whereP = P;; /2 is the production of turbulence kinetic energy &g the diffusion ofw. « =5/9 andg = 3/40 are model
constants, see Wilcox [15].

In the EARSM computations, relation (3) is replaced with its trace, the transport equation for the turbulence kinetic en-
ergy, K, that reads

DK
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D e+Dg (10)
(where Dk is the diffusion ofK ande is the dissipation rate) together with an explicit relation between the Reynolds stress
anisotropy tensor and the mean strain and rotation rate tensors normalized with the turbulence timesdaje, a;; =

a;j(tS, t82), see Appendix A. All equations are integrated down to the wall.
2.1. Modelling

To close the system of equations, the unknown quamm(;se,-j, Dij, Pw, Dij, Dk andD,, have to be modelled in terms
of the known quantities;;, £2;;, it;u ; andw.

It is convenient to lump the pressure strain rate and the dissipation rate anisotropy models together since the slow pressure
strain and the dissipation rate anisotrogy,= ¢;; /e — 2/35;;, tensors are modelled in principally the same way. The complete
model that is quasilinear in the Reynolds stress anisotropy tensor reads

L —3<c8 + C%E)EH— LS (czs+ g<as+ Sa— g{aS}l) - 9(&9 —Qa)+Co(N? + N5)> (11)
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where{} denotes the trace arldis the identity matrix. The term quasilinear here signifies that only a scalar nonlinearity in
the anisotropy is allowed. This enters through the inclusioR of = —7{aS}. In (11) we have also included the last term that
represents an extension that is nonlinear in the mean strain and rotation rate tensors,
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N# andNS were originally proposed by Sjogren and Johansson [16] and the inclusion of these terms were shown to improve
predictions in strongly rotating generic flows. By using the same coefficient in front of both (12) and (13) the total contribution
vanishes in parallel flows. The L-DRSM correspondsCtg = 0, while for the NL-DRSMCg, = 0.5, which is the value
suggested by Sjogren and Johansson [16].

The diffusion of the Reynolds stresses can schematically be written as

0 8uiuj
Dij=—m Jijm —v o (14)

where J;j,, depends on correlations of the fluctuating velocity and pressure and thus needs to be modelled. In the present
DRSM computations the diffusion model by Daly and Harlow, [17], has been adopted. In Cartesian tensor notation the Daly
and Harlow model reads
K ou;u;
Jijk = —cs —uguy = (15)
e ax;

In a cylindrical coordinate system the model expression is somewhat lengthy and is therefore given in Appendix B. For the
EARSMs the diffusion of the Reynolds stress anisotropy is neglected due to the weak equilibrium assumption proposed by
Rodi [18]. However, the diffusion oK andw are accounted for in the respective platform equations by using the diffusion
model by Daly and Harlow [17]. The effect of using a simpler effective eddy-viscosity diffusion approach is also investigated.
The implications are discussed in Section 6.

The Daly and Harlow model fap reads

10 K d
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and correspondingly fok (with ¢, replaced by;). The model parameters used afe= ¢, = 0.11 for the L-DRSM and the
EARSMs andcy = ¢, = 0.08 for the NL-DRSM.cy andc,, have been calibrated by considering the log-layer of nonrotating
channel flow.

Two EARSM formulations have been used, the formulation proposed by Wallin and Johansson [6] and its extension to a
nonlinear pressure strain rate model, see Grundestam et al. [13]. Both of these formulations use a complete five element tensc
basis for 3D mean flows such that

a= Y BTD. a7

i=1,3,4,6,9

The g-coefficients are explicitly dependent on the production to dissipation fafie, The consistency conditioR /¢ = t{aS}
results in a cubic equation for 2D mean flows (see Appendix A). Normally, this would also be used as an approximation in 3D
mean flows. A more accurate approximation for 3D cases was derived by Wallin and Johansson [6]. This approximation will
be used for the highest rate of rotation case studied here, where the large deviation from a 2D state turns out to require this 3C
corrected description for convergence of the solution. See Appendix A for a brief summary.

The curvature correction proposed by Wallin and Johansson [19] has been used in conjunction with both explicit models.
This contribution is derived from the advection of the Reynolds stress anisotropy and can be written as

—t(ae” — 2a) (18)

wherez is the turbulence timescale. Adding (18) to the algebraic approximation of the transport equatign yfmids a
systematic improvement of the weak equilibrium assumption in that it gives an approximation of the neglection of the advection
of a;; in a local streamline-based system. For fully developed rotating pipe flow, the correction exactly represents the advection
and can be written

Up
For an EARSM using a pressure strain rate model lineajnC = 0 in (11), the correction (18) can easily be included
through the transformation

Cy

1
Q-2 =0-—0" Ag=22_1 20
— 1 . Ao= (20)

0
For a nonlinear pressure strain rate mod&h = 0, the amount of algebra generated for 3D mean flows makes the exact
EARSM formulation somewhat awkward. A discussion on this and suggested approximations can be found in Grundestam
et al. [20].
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3. Numerical procedure

Since fully developed rotating (and nonrotating) pipe flow is dependent on one spatial coordinate only, the flow can be com-
puted using a special code developed for problems with dependence on one spatial dimension, see Wallin and Martensson [21].
For the spatial discretization a second order central difference scheme is used. The time stepping towards a steady state is done
with the implicit Euler backward step method. The corresponding system matrix is inverted by an iterative method for each
timestep.

To reach the desired Reynolds number based on the mean bulk velocity and the pipe diameter, the pressurégyadient,
is set appropriately. In order to keep the Reynolds number constant when rotation is applied to the pipe, the pressure gradient is
adjusted accordingly.

The system of governing equations is solved in the nonrotating system meaning that the azimuthal velocity is nonzero on
the wall. The equivalent alternative would have been to solve the problem in a rotating frame by including the appropriate terms
associated with system rotation and imposing a zero velocity on the wall.

The grid used is a one dimensional stretched grid from the center of the pipe to the pipe wall. The stretch factor is 0.96 and
the number of grid points is 100 with a concentration of points near the wall. To get an indication of grid dependence, a grid
with 400 points and a stretch factor of 0.99 was tested. The model predictions were, however, virtually unaffected.

4. Results

The fully developed rotating pipe flow was computed for three rotation nunfkess Uy (R)/U,, =0, 05 and 1 and a
Reynolds number based on the pipe diameter and the mean bulk veloB&y0t/,, D/v = 20000. The results can be seenin
Fig. 1-4. As comparison, the experimental results by Imao et al. [9] are shown in the corresponding figures. A lower Reynolds
number,Re = 4900, is computed corresponding to Orlandi and Fatica [8], see Fig. 5.

In order to achieve convergence with the GWJ-EARSMRor= 1, the 3D mean flow correction proposed by Wallin and
Johansson [6] (see Appendix A) was applied. To enable comparison€;terection was also applied to the WJ-EARSM for
this rotation number. FdRo = 0.5 the cubicN or N*-solutions were used.

4.1. Mean velocities

The mean axial velocity normalized with the mean bulk velodity/ Uy, , is shown in Fig. 1. FoRo = 0, all models predict
a U, profile that is somewhat too flat as compared to the experimental data in the regiopp®0< 0.8. Hence, the mean
velocity becomes underpredicted in the centre of the pipe and too large closer to the wall. The predictions of the two EARSMs
collapse to the same curve. The two DRSM formulations differ slightly despite the fact that the total contribuXiBnaid
NS is zero. This is due to the recalibration of the model coefficignfor the GWJ-EARSM (something that is inherited by the
NL-DRSM and hence affects the predictions), which is necessary to capture neutral stability of a rotating homogenous shear
flow for rotation numbeRo = 0.5, see Grundestam et al. [13] and Wallin and Johansson [19].

Also for Ro = 0.5 all models predict a mean axial velocity which is too low in the middle of the pipe. The GWJ-EARSM
shows, however, the best agreement with the experimental data and gives a small improvement over the other models. For the
WJ-EARSM the change from tHeo = 0 case is small, and the two DRSMs predict virtually the séameAll models predict a
small increase of the centerline velocity as compared with the nonrotating case, in accordance with the experiments.

The predicted increase in centerline velocity frRm= 0.5 to Ro = 1 is even larger than in the experiments. Ror= 1,
the NL-DRSM agrees well with the experiments. The L-DRSM and the WJ-EARSM predigtaofile that is somewhat too
flat in the center of the pipe. The GWJ-EARSM, on the other hand, slightly overshoots in the center of the pipe meaning that
the profile is somewhat too laminar-like. Note, though, that for this rotation convergence of the solution required the 3D mean
flow corrected approximation faw. This is consistent with the fact that the 3D character of the flow is stronger in this case
(Ro=1).

All models predict a near parabolic shape of the mean azimuthal vel®gityor bothRo = 0.5 andRo = 1, see Fig. 2. Itis
clear that the nonlinear termé” andNS, affect the model predictions significantly, resulting in profiles that deviate less from
solid body rotation. This implies a better agreement between the nonlinear models and the experiRteatdd. ForRo=1,
on the other hand, the NL-DRSM and the GWJ-EARSM predigp grofile that deviates too little from a solid body rotation.

What also can be noted here is that in the experiments by Imao et al. [9], the differdngeln betweerRo=0.5andRo=1

is small with a small increase in the deviation from solid body rotation for increasing rotation. The model predictions show the
opposite trend with a decreasing deviation from solid body rotation for increasing rotation. The trend of decreasing deviation
from solid body rotation can also be extracted from the data in the paper by Orlandi and Fatica [8].
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Fig. 1. Normalized axial velocityU,/U,, for Re, = Uy, D/v = 20000 andRo = Uy(R)/U,, = 0, 05 and 1, () NL-DRSM,
(——) GWJ-EARSM, ) L-DRSM (thick line forRo=0), (- - -) WJ-EARSM, experimental data by Imao et al. [8) (
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Fig. 2. Normalized azimuthal velocity/y/Uyag for Re, = UnD/v = 20000 andRo = Uy(R)/U,, = 0.5 and 1, ¢) NL-DRSM,
(——) GWJ-EARSM, () L-DRSM, (- - -) WJ-EARSM, experimental data by Imao et al. [8).(

4.2. Turbulence kinetic energy

For the nonrotating case (Fig. 3), all model predictions of the turbulence kinetic energy more or less coincide and are in
reasonably good agreement with experimental data. The somewhat low valkigs tiie near-wall region are associated with
the high-Re form of the-equation used. The latter also holds for the rotating cases.

For nonzerdRo, the predictions for all models are still in fair agreement with the experimental datRoFe0.5 all models
predict a higher level oK in the central region, than for the nonrotating case. The experiments, on the other hand, show a small
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Fig. 3. Normalized turbulence kinetic ener@y/U,%, for Re,, = U;, D/v = 20000 andRo = Uy (R)/ Uy, =0, 05 and 1, ) NL-DRSM,
(——) GWJ-EARSM, ¢-) L-DRSM, (- - -) WJ-EARSM, experimental data by Imao et al. [8).(

decrease. The NL-DRSM and the GWJ-EARSM show a further increadRofer 1, while the experimental data show little
difference betweeRo= 0.5 andRo=1.

4.3. Reynolds stress anisotropies

The effect of the turbulence on the mean flow is directly related to the Reynolds stiggsesnd i, ug, as seen in (2)
and (1). The shape of th€,-profile is governed by the predictegu; and the deviation from solid body rotation of the
azimuthal mean velocity componeify, seen in Fig. 2, is an effect of a nonzero and posiiivgs . The model predictions of
the diagonal Reynolds stress anisotropigg, (repeatedr means no summation) influence the mean flow velocity components
only in an indirect manner.

The diagonal componentsy,,, and the off-diagonal componenis; anday, are shown in Fig. 4. Comparisons are made
with the experimental data by [9]. Since the experiments do not provide measuremapig dfie corresponding model pre-
dicted anisotropyy,g, is compared with the direct numerical simulations by Orlandi and Fatica [8]. Therefore, complementing
computations were performed f& = 4900. The model predictions af.y together with the corresponding valuesifare
shown in Fig. 5. In order to keep the plot as clear as possible, only the predictions made by the DRSM turbulence models
are shown here, the L-DRSM and the NL-DRSM. Thus, the effect of the nonlinear terms on the Reynolds stress anisotropies
can be studied. The anisotropy predicted by using EARSM and DRSM are qualitatively similar. The most important differ-
ence is that the EARSM predicts diagonal Reynolds stress anisotropy components which are nearly zero in the center of the
pipe. This is due to the neglected diffusion of the Reynolds stress anisotropy which leads to a direct depenggnme of
the mean velocity gradients for the EARSM. In the center of the pipe, wiigs¢dr is zero anddUy /dr is relatively small
and attains its smallest value, the EARSM predictions are nearly isotropic. The DRSMs, on the other hand, do not suffer
from this limitation and therefore allow a more physically correct anisotropic turbulence, and hence ngrzerothis re-
gion.

As seen in Fig. 4 the model predictions#f, show the same trends as the experiments, with the largest part of the turbulence
kinetic energy in thé;u; component. The quantitative agreement is somewhat bettBofer0.5 than forRo = 1. The failure
of the models close to the wall is a result of the near wall treatment and the fact that no near wall damping has been applied.
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This is also evident fou,;, which is in good agreement with the experiments in the center region while being overpredicted
close to the wall. It should further be pointed out that due to the overall decreasginfcombination with the relatively small
increase of the turbulence kinetic energy when the rotation is increasedrfren?®.5 to Ro = 1, i, u; decreases which results

in a more laminar likd/_-profile.

The magnitude ofiy, is drastically overpredicted. We can further note that both the L-DRSM and the NL-DRSM pre-
dict a negativeny,. The experimental data by Imao et al. [9] also show this. The negative sigp,dé also reported on
by for instance Pettersson and Andersson [4] and Jalkarid Hanjalk [1] when using RANS models to compute rotating
pipe flow. Negativeig, is in contradiction with the direct numerical simulation by Orlandi and Fatica [8], which has shown a
positiveag,. For further discussions on thg,-anomaly, see for instance Petterson and Andersson [4] and akidi Han-
jali€ [1].

When comparisons are made with the direct numerical simulations by Orlandi and Fatica [8], see Fig. 5, the nonlinear terms
(12) and (13) are seen to clearly have a positive effect on the predictiang aihd the turbulence levél. However, at this
Reynolds number the disadvantage of the lack of near wall treatment is obvious. The underprediction of the turbulence kinetic
energy close to the wall results in a drastically overprediaigdn the same region. One can further make the note that in the
DNS by Orlandi and Fatica [8], the turbulence kinetic energy levels rather seem to increase with increasing rotation instead of
decrease as indicated by the experiments by for instance Imao et al. [9] and Facciolo [10].

The magnitude ofi.¢9 is much smaller than the other anisotropy components. This is in line with the discussion in Wallin
and Johansson [6] thaty should scale as/Re.

4.4. Alternative diffusion modelling for the EARSMs

In the paper by Wallin and Johansson [6], an effective eddy-viscosity diffusion model f&r-tardw-equations was tested
in conjunction with their EARSM formulation. The effective eddy-viscosing‘,f , can be seen as the part of Reynolds stress
anisotropy that is proportional to the strain rate tenSgr,and is given by

1
Vel — —5 b1+l oK. (21)

The resulting diffusion terms of th€ andw equations read
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whereog = 2 ando,, = 2 are model parameters. Compared to a Daly—Harlow model, this model gives only small differences
in the predictions of plane turbulent channel flow.

In the present case, however, the use of this modelling approach instead of the Daly and Harlow model, leads to substantial
changes in the EARSM predictions. Especially, the predicted values of the turbulence kinetic energy levels become dramatically
higher for the rotating cases. This can be seen in Fig. 6, where predictions emanating from the application of the eddy-viscosity
diffusion model and the model proposed by Daly and Harlow [17] are comparé&tbfer0.5.

From this it is obvious that the application of the effective eddy-viscosity based diffusion model leads to a severe overpre-
diction of the turbulence kinetic energy. Also, the maximunKois moved closer to the center of the pipe. The eddy viscosity
approach in conjunction with the GWJ-EARSM leads to a drastic change of the shape of the K-profile. The level is severely
overpredicted and the region where the profile is concave downwards occupies the major part of the pipe. The WJ-EARSM also

overpredicts the turbulence level. The region where the second derivateipositive and negative, respectively, are not
changed nearly as much as for the GWJ-EARSM thoughRBet 1 (not shown here), both models overpredict the turbulence
level even more severely showing a maximum pea!(;zﬁt],,z1 ~0.03.
The mechanism behind the high turbulence kinetic energy levels predicted by the eddy-viscosity based diffusion model is

further discussed in section 6. Also, it is demonstrated that reasonable turbulence level can be achieved with this diffusion model
by slightly altering the model for the production of the dissipation rate instfeguation.

4.5. Comparisons with scaling laws from symmetry methods
Lie group symmetry methods are useful tools for analyzing differential equations. The idea is to derive transformations of the

independent and dependent variables that leave the form of the governing equations unaltered. These transformations are ther
said to be symmetries or symmetry transformations of the system considered. By use of these transformations one can reduce
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the number of independent variables, and also, compute the relations between the independent and the dependent variabl
or invariant solutions. The relations are not unique however, but depend on a number of free functions which can be chosen
somewhat arbitrarily. By imposing a constraint on a free function, a symmetry is broken. Loosely speaking, this corresponds to

imposing outer constraints on the governing system (or boundary conditions) and will lead to a change of the invariant solutions

governed by the corresponding free function.

Lie group symmetry methods have been applied to the Navier Stokes equations by e.g. Oberlack [11] for the study of
solutions to plane parallel shear flows (and further tested by Lindgren et al. [22]). Oberlack [23] also applied the method to
nonrotating and rotating turbulent pipe flows. Similar studies for free shear-flows etc. can be found in Cantwell [24]. For the
rotating pipe flow Oberlack derived algebraic scaling laws for the mean axial and azimuthal velocities. The algebraic law for
the azimuthal velocity can be written

Ug(r) r\"
=¢( = 24
Us (R C(R) @9
whereUy (R) is the azimuthal velocity at the wall argdandy are constants. It is assumed to hold away from the pipe wall

with ¥ = 2 and¢ close to unity. The axial mean velocity is strongly dependent on the azimuthal wall veldgit®), therefore
Oberlack proposes a velocity defect law for the axial mean velocity

— 12
UCU UZZX(U%(R))(%) (25)
T T
whereU. is the centerline velocity angd a function of the velocity ratio. The symmetry analysis indicates thahould have
the same value for (24) and (25), see Oberlack [23].

The scaling law for the azimuthal velocity, (24), is compared with the present computations in Fig. 7. It is obvious that the
dependence of the different models on the radial coordinate is not strictly quadratic, but varies. Close to the center of the pipe
(r/R < 0.3) all model predictions correspond o~ 1 and¢ < 1. The linear dependence of the azimuthal mean velocity on
the radial coordinate near the center of the pipe is also noted by Oberlack [11] when making comparisons with the DNS data by
Orlandi and Fatica [8]. FdrRe,, = 4900 andRo = 2, he deduces that the quadratic algebraic law (24) is only valid in the region
0.3<r/R<0.6.

At aroundr/R ~ 0.3—-04, the model predictions af successively increase. FBo = 0.5, the NL-DRSM is in best agree-
ment with (24) and shows for/ R > 0.3 a nearly quadratic radial dependence. Roe= 1, on the other hand, the power in the
dependence onfor the same model is too low.

Model comparisons with the axial velocity defect law (25) can be seen in Fig. 8. The DRSMs are in good agreement with
(25) throughout most of the region and the deviation from the quadratic scaling law seems to be significaRtfd.6 for
the linear DRSM and somewhat closer to the wall for the NL-DRSM.R£ 0.5, the EARSMs has varying dependence on
the radial coordinate corresponding#o~ 1.5-3. This is also the case for the WJ-EARSM Ror= 1.

The experimental data by Imao are plotted in Figs. 7 and 8 for comparison and are generally in good agreement with the

quadratic scaling laws (24) and (25), respectively. Smaller deviations can be seég, féig. 7, in the region-/R < 0.3,
especially folRo=1.
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5. Approximation of N and neglection of diffusion of the Reynolds stress anisotropy in EARSM

Although both the EARSMs and the DRSMs give qualitatively good predictions for this particular flow case, it may be

interesting to investigate how the differences between the models affect the predictions.

The important differences between the EARSMs and the DRSMs used in the present study, are the approximation of the
quantity P/e used in the expansion coefficients of the EARSM and the neglection of the diffusion of the Reynolds stress
anisotropy due to the EARSM weak equilibrium assumption. In order to eliminate as many differences between the EARSM
and DRSM as possible, only the WJ-EARSM and the L-DRSM will be investigated here. Although, the NL-DRSM and GWJ-

EARSM are closely related, the approximations of the nonlinear t&fhandN? in the GWJ-EARSM, introduce differences

in addition to those mentioned above.

To get a more quantitative indication on how tR¢s-approximation and the neglection of the diffusion of the Reynolds

stress anisotropy affect the predictions of the production to dissipation Btio= —t{aS}, in the transport equation &,
one can by using th&, » and mean flow solutions from the L-DRSM, calcul®¢s = —t{aS} as given by the WJ-EARSM
under the conditions: (&Y in the g-coefficients is calculated usirfg/e from the L-DRSM solution; (b)V is calculated using

the solution of the cubic equation as an approximation;Nds calculated using the cubic equation plus the 3D mean flow

correction (see Appendix A).
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The outcome can be interpreted by looking at the balance equation of the Reynolds stress anisotropy for the fully developed
flow, which is satisfied by the DRSM solution,

1(uiu, K 1 witij (P
E(TDK_Di]'):_;‘Aij—'—g(Pij_Eij+nij)_ K ;—1 (26)

where.4;; is the advection of;; which is fully accounted for in the EARSM calculations, see Section 2.1. The left-hand side
of (26) is the total diffusion of; ; which is neglected for the EARSM meaning that only the right-hand side of (26) is zero when
P /e from the explicit algebraic model is inserted.

For case (a), the difference between the EARSM and DRSM indicates to what extent the neglection of the difygion of
alters the production to dissipation ratio in the transport equatidn. dte difference between cases (a) and (b) shows how the
cubic approximation ofV in the g-coefficients affects the production to dissipation ratio in the transport equatikn of

For case (a), the difference between the DRSM and the EARSM in the predictidpgecdre small, especially for the
rotating cases (see Fig. 9). However, by investigating case (b) (Fig. 10) and comparing with case (a), one can deduce that the
approximation ofN affects the flow predictions significantly more than the neglection of the diffusias; dbr the rotating
cases. In fact, the approximation fbecomes increasingly more important as the rotation is increased. This is consistent with
the fact that the cubi&/-approximation is exact for 2D mean flows only and can hence be expected to deviate more and more
from the exact value as the effects of a 3D mean flow become stronger due to increased rotation. What is important to note here
is that both the neglection of the diffusion and the approximatioN @buld be expected to have an overall damping effect on
the turbulence for the rotating cases according to Figs. 9 and 10.

Case (c) illustrates the significant improvement achieved by use of the 3D mean flow correctdifsiee Appendix A).
Although the improvement fdRo = 1 is relatively smaller than fdRo = 0.5 it is important since the effects of the 3D character
of the flow become more and more important with increasing rotation. It should also be noted that the GWJ-EARSM requires
the 3D N-correction for convergenceRa = 1, see [20].

6. Discussion

It is obvious that the nonlinear terr&? andN® have a significant effect on the predictions of axially rotating pipe flow. For
the explicit algebraic model formulation this means an overall improvemeiRder 0.5. For the DRSMSs the nonlinear terms
also have a significant effect on the predictions. But in this case it is not clear wintthend NS have an overall positive
effect. It is evident, however, that the effect™® andN¥ is not as pronounced for the DRSM as for the EARSM.
The differences between the predictions made by the DRSM and the EARSM can be expected to depend on two differences
between the two modelling approaches. The first is the consistency condition for the explicit algebraic spetxplicitly

dependent oV = A3 + A4§ which should be consistent with the relati®tye = —t{aS}. This results in a cubic equation
for N (or P/e) in 2D mean flows which can be solved, see Girimaji [25] and Wallin and Johansson [6]. In 3D mean flows,
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N is given by a sixth order equation which cannot readily be solved. Therefore the 2D mean flow fofris afsed as an
approximation, see Wallin and Johansson [6]. For a DRSM no such approximation is necessary since no explicit dependence of
a;j on’P/e is needed. The second factor to consider is the diffusion modelling. For the EARSM, the diffusion of the Reynolds
stress anisotropy is neglected due to the underlaying weak equilibrium assumption. We here also found that it is important to
a choose a Daly—Harlow type of diffusion modelling in the platforki+p, here) equations, especially for the prediction of
reasonably correct kinetic energy levels.

To understand how the interaction between the production to dissipation ratio and the diffusion terms affects the predictions,
one can consider a simplified transport equation of some quantitymodelling the principal behaviour in e.g. tkeequation

%—f:p¢—8¢+%<€lg—3>, XG[O, 1]. (27)

For an unsteady state, the local valueRyf — ¢4 will correspond to the local rate of change due to the total source term. The
diffusion term will locally act as a source or sink depending on whether the second derivatives giositive or negative,
assuming that is a positive constant.

For a steady state (fully developed) the situation is a bit different since the left-hand side of (27) vanishissassumed to
be a positive constant, then, whettigg/es < 1 or Py /ey > 1 determines the sign of the second derivative olf the region
wherePy /ey > 1 is wide, theg-profile will be concave downwards over a large region with a local curvature depending on
the local value ofPy /ey andcy in the corresponding region. A small region in conjunction with a small vajueould, on
the other hand, result in a narrow sharp peak indhrofile. The situation is the opposite in regions whyg/e, < 1 where
a small value of1 gives a profile which is strongly concave upwards. Intuitively this is correct since a large diffusion, large
value ofcq, tends to smear things out and suppress peaks. The requirenfésfaf > 1 in some region also poses a condition
on the existence of a nonzero solution. If the boundary conditions are givéa /o« = 0 and¢ = 0 in the center and on the
wall of the pipe respectively, as in the present computations, andfonl9 is allowed, then itis a necessity to haRg/sy > 1
somewhere in the domain in order to obtain a nonzero solution. The reason for this isTatj < 1 everywhere, which
implies a positive second derivative, th¢rmust be zero or negative in the domain to match the boundary conditions. Since
negative values are not allowed, for efg= K, the zero solution will be the only solution.

For the actual computations, the diffusion cannot be formulated in terms of a pure second deriv&tagiof(27) since the
diffusion model gives rise to extra terms that have to be taken into acequistr{ot constant). This implies for example that the
point where the second derivative Kfchanges sign is not located at the same point as viRigtre= 1. However,P /¢ = 1 will
correspond to the point where the diffusionffthanges sign and will hence give an indication on WPV%K changes sign. It
is also evident that the diffusion modelling plays a significant role. This is demonstrated in Section 4.4 where the application of
the eddy-viscosity based diffusion model leads to severe overpredictidghsarfthe rotating cases. One can also, by adjusting
¢s andcy,, alter the turbulence level. In fact, it can readily be demonstrated that an incregasesults in lowerk -values close
to the wall and increased turbulence levels in the center of the pipe. A decrease has the opposite effect. This is consistent with
the fact that turbulence is mainly produced in the near-wall region and transported outwards. &-@hation, on the other
hand, an increase i, results in an overall decreasekhwhile a decrease has the opposite effect for this particular case.

However, one must remember that the model predictions of the turbulence kinetic energy are governed by a very fine
balance which is strongly related to the lengthscale determining equation. In particular, the modelling of the production of the
lengthscale determining quantifj,, in our case, is very important sinégis strongly influenced via the prediction f It can
be shown that a small change®g can have a significant effect on the turbulence levels. As a demonstration of this one can use
the eddy-viscosity based effective diffusion model discussed above in conjunction with a modified ma@jgl By blending
the eddy-viscosity assumption with an EARSM when compufiaga model for the production of the dissipation rate can be
obtainedP; = Ce16/K (Co PEYM + (1 — Co)PEARSM) wherePEYM = 20711 g andCy is the parameter that determines the
relative weight of the eddy viscosity assumption. Since the productiari®given byP, = P¢/(C,. K) — g Pk, Ps» becomes

Pw=2Ca(a+l)I|S+(a—Ca—Caa)%PK (28)

wherex = C.1 — 1 andPg denotes the turbulent kinetic energy production.

By using (28) in theK—w platform the characteristics of the flow are radically changed even for a small valdg. of
Fig. 11 shows the predictions made by the GWJ-EARSMfgr= 0.1 andC,, = 0 andRo = 0.5 with the eddy-viscosity based
diffusion. As can be seen, the effect on the turbulence kinetic energy is significant and the predictions=forl are in good
agreement with the experiments. The mean velocities are not shown here, but the effecUgnahd Uy -profiles is small
compared to the change &f. By increasingC,, further the turbulence level is reduced even more while still keeping the change
in the mean velocity profiles relatively small.

It must be pointed out, however, that it is not the intention here to investigate the advantages and disadvantages of (28) as
a model. Remember that the Daly and Harlow diffusion model gave a much better predickofoot, = 0. The purpose is
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merely to demonstrate that the modelling7af, is important and that the delicate nature of the problem implies that a small
change in the model can have a significant effect on the turbulence level.

In the present EARSM computations the approximatiorPgt is only used for the3-coefficients, see Appendix A. In
the platform equations the production of the turbulence kinetic energy is naturally calculged ask {aS}, with S;; given
by (4). In this way the production of the turbulence kinetic enefgyis consistent with the formulation of the Reynolds stress
anisotropy in the sense thRtis exact in terms of;;. The alternative to this would be to mafeconsistent withv and hence
evaluate the production of the turbulence kinetic energpas (N — A3)e/A4. For the WJ-EARSM this leads to turbulence
kinetic energies in good agreement with the experiments, see Fig. 1RoFe0.5 this approach leads to a small decrease in
K compared to the nonrotating case. If tiecorrection is applied foRo = 1 the predictions ok are in reasonable agreement
with the experimental data as seen in Fig. 12, slightly better than the previous choice shown in Fig. 3. On the other hand
if the N-correction is not applied, the WJ-EARSM predicts a laminar flowRor= 1, implying stronger sensitivity to flow
laminarization. This is another illustration of the importance of the consistency between the production téfm and
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Appendix A. Explicit algebraic Reynolds stress model formulation

In the following the strain and rotation rate tensors are assumed to have been nondimensionalized with the turbulence time
scale,r. The EARSM formulations are derived by solving the modelled ARSM equation which for the GWJ-EARSM reads
Na=—A1S— (a2* — 2*a) + ¢(N* + N5) (A1)
where

N:AQ—Q—A[\[E (A2)
&

(A.1) is given by (3) after assuming weak equilibrium, Rodi [18]. Due to the amount of algebra generated, the nonlinear terms,
N#-S  are approximated as

N‘Q _ A/ —I I 2
—Il o«
when (A.1) is solved. The approximations reduce to the original expression in 2D mean flows, see Grundestam et al. [13] for
further details.
The explicit algebraic models used are formulated using a complete five element tensor basis for 3D mean flows. The basis
tensors used are

2
(asz*2+ﬂ*2a—§{aﬂ*2}l), NS = /iTga (A.3)

Th=s TO=0*2_ %Ilml,

2
T@ =se*—@*s, TO =s@*?4 @*2s_ VI,
whereS and£2* in this appendix have been normalized using the turbulence timescale

T=—. (A.4)
£

The relation between the Reynolds stress anisotropy and the mean flow gradients is given by
a=p1TD + 53T + 4T + peT© + poT® (A5)
where theB-coefficients are given by
B1=A1(N*Pll g +8cll gx /=1l — 14N*1l g+ + 4N*3) /(01 02),
B3 =AVA1 (221 o N*2 + 3N* (11 2)%/2 — 18112, + 18N* /=g Il o
+ 72N i1l @) /(15 (2cy/~ 1T — 3N*) 0102).

Ba=4A1/Q1.

Bo = —2A1(N*cPll g +4cll gu/—TI g + 2N*2c/=llg — BN*I1 o+) /(11 o+ 0102).

Bo=2A1(4cN*\/—Ilg + Pl g — 6l o+) /(11 o+ 0102) (A.6)
where

01=—(2N* —cy/—lg )%+ 2l o=,

Q2 =N*2_2ll g, (A7)

N* = "§+A4§ (A.8)
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Table A.1
Model parameters for the pressure strain and dissipation rate anisotropy model
c? c} Co C3 Ca Co
WJ-EARSN, L-DRSM 46 124 047 2 Q056 0
GWJ-EARSM, NL-DRSM 24 205 025 2 Q2 05
where
*
1/3 . 1/3
= + (Pt VP2) P 4sign(PL— P)|PL— VP2 [Y° Py>0,
N* = * (A.9)
1 P
=3 4 2(P2 - Py)YOcod| Zarccod —1 1], Py <0
3 3 /Pz Pp.
1 — 12
and
A A4 2
3 144 *
Pi=( =+ =21l — Zllo+ | A%, A.10
1 ( o7 T s~ 3lle ) (A.10)
A2 A4 2 s
P2:P12—<73+ 13 4||S+§||m> , (A.11)

A=Az —c(/Ils —y/~g). (A.12)

For the GWJ-EARSM = —C, /Ag whereCg, = 0.5, see [13]. The EARSM by Wallin and Johansson is retrieved by putting
Cg =0 and henceV* — N. For both EARSMs the model parameters éfg = 1.2, Ao = 0, A3 = 1.8, A4 = 2.25}. Note

that 2* denotes the curvature corrected rotation rate tefsas defined in (20). For the WJ-EARSMy = —0.72 and for

the GWJ-EARSMA = —0.9. SinceA; — A4 are kept constant andly is recalibrated when the nonlinear pressure strain rate
model is used, the model parameters in (11) are changed according to Table A.1.

For 3D mean flows the exact expression #iis given by the solution to a sixth order polynomial equation, for which no
analytical solution has been found. Therefore, the corresponding 2D solution, which is given by a cubic equation, is often used
as an approximation also for 3D mean flows. Wallin and Johansson [6] used the sixth order equation to derive a correction to
the cubic solution for 3D mean flows. The correctéds on the form

162(¢p1 + poN*2

Neorr=N*+ % (A.13)

where the denominatoB, is given by
1

D= 20N*4<N* -~ 5(‘1) — 7211 g+ (10N*3 4 15¢) N*?) + 10} 22112, (A.14)
and

d1=1VZ o=V —llgllo«/2) (A.15)
where

Hy={S?), lg:={2*2), Iv={se*?), v=[?e*?]. (A.16)

Note that for the rotating pipe ca$¥ is zero.V is not zero, however, and for a 2D mean flowP = %II%DII_%Q (92 =0).
Therefore,Ncorr can be writterNeorr = N*(1 + ) wherey = 162poN*/D. ¢ can thus be seen as the relative influence of
the correction orVeorr compared taV*. v is plotted in Fig. A.1. From this point of view, the 3D character of the mean flow is
clearly stronger foRo = 1 than forRo = 0.5. If the N-correction is not used fdRo = 1, ¢ attains even larger values.

Appendix B. Daly and Harlow diffusion model for cylindrical geometry

In a cylindrical geometry the modelled diffusion described by (14) and (15) can be conveniently split into two parts according

to
19 K ou;ju i
Dij= ;5|}(V +cs ;Mrlrh‘) #} +D§fx) (8.1)
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Df]‘?x) consists of all the terms that arise due to differentiation of the basis vectors with respect to the azimuthal coérdinate,

Dl.(jex) is symmetric and traceless and its components read
e _ 197
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