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Abstract

The differences between two differential Reynolds stress models (DRSM) and their corresponding explicit algebraic R
stress models (EARSM) are investigated by studying fully developed axially rotating turbulent pipe flow. The mean fl
the turbulence quantities are strongly influenced by the imposed rotation, and is well captured by the differential m
well as their algebraic truncations. All the tested models give mean velocity profiles that are in good qualitative agreem
the experimental data. It is demonstrated that the predicted turbulence kinetic energy levels vary dramatically depend
diffusion model used, and that this is closely related to the model for the evolution of the length-scale determining q
Furthermore, the effect of the weak equilibrium assumption, underlying the EARSMs, and the approximation impose
mean flows on the turbulence levels are investigated. In general the predictions obtained with the EARSMs rather close
those of the corresponding DRSMs.
 2005 Elsevier SAS. All rights reserved.

Keywords: Rotating pipe flow; Swirling flow; Reynolds stress turbulence model

1. Introduction

Fully developed axially rotating pipe flow is an often used test case for turbulence models. The unintuitive deviation
solid body rotation in the fully developed state can be ascribed to an intricate influence of, and interaction between, the
stress components. The prediction of the resulting effects of the axial rotation is a difficult challenge for engineering
turbulence models. The standardK–ε andK–ω two-equation models are essentially unsensitive to rotation and are the
unable to capture the phenomena that are characteristic to rotating pipe flow such as a parabolic-like azimuthal veloc
and an increasingly laminar-like axial velocity profile for increasing rate of rotation. Models based on the transport equ
the Reynolds stresses offer a choice where more flow physics such as rotation can be included in a natural way.

Fully developedrotating pipe flow constitutes, by definition, a 3D mean flow. This can be seen by forming the invaria
the mean velocity gradients. For a 2D mean flow, e.g.nonrotating pipe flow, there are two independent invariants while fo
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3D mean flow there are up to five, three for this particular case. In this sense the 3D character of the mean flow is con
governed by one parameter only, the axial rotation rate of the pipe. The 3D effects can therefore be made gradu
important by increasing the rotation rate. The dependence on one spatial coordinate only, makes the numerical imple
relatively simple.

Related studies of interest include a recent study of Jakirlić et al. [1] in which a number of models are tested for differ
rotating and swirling flows. Fu et al. [2] performed a comparative study of the performance of different modelling app
for axisymmetric turbulent shear flows with and without swirl. Hirai et al. [3] studied the laminariztion phenomena in an
rotating pipe flow. Pettersson et al. [4] investigated the performance of linear and nonlinear Reynolds stress transpo
in conjunction with the relaxation approach of Durbin [5]. Wallin and Johansson [6] discussed the mechanism be
parabolic shape of the azimuthal velocity profile in relation to EARSM predictions. Direct numerical simulations hav
performed by for instance Eggels et al. [7] and Orlandi and Fatica [8]. Imao et al. [9] studied fully developed rotating pi
experimentally and Facciolo [10] has presented a recent experimental study that also includes the swirling jet. Ober
analyses fully developed pipe flow by using symmetry methods. In a recent study by Jakirlić and Hanjalíc [12], a model for the
turbulence kinetic energy and stress dissipation was proposed. The performance of this model was evaluated for e.
pipe flow.

An explicit algebraic Reynolds stress model (EARSM) is the result of a formal approximation of a full differential Re
stress model (DRSM) in the weak equilibrium limit. The resulting constitutive relation is used together with a two-eq
platform, in this case theK–ω model. The aim with the present study is to investigate how the differences between an E
and a DRSM affect the flow predictions. One of the main focus points of the present paper is to increase the unde
of how the two platform equations interact and also how the EARSM assumptions affect the predictions. The scrutin
problem is an important step on the way towards better two-equation platforms, for EARSMs.

Four different models have been tested, the EARSM by Wallin and Johansson [6] (WJ-EARSM), the extension of
EARSM to nonlinear pressure strain rate models proposed by Grundestam et al. [13] (GWJ-EARSM) and the corre
DRSMs denoted L-DRSM and NL-DRSM, respectively. This means that the calibrated EARSM-parameter values ha
applied to the corresponding DRSM without any recalibration. The “log-layer” was, however, still in good agreement w
DNS data by Alvelius and Johansson [14] for nonrotating channel flow atReτ = uτ h/ν = 180 whereh is the half channe
width. For the DRSM-computations, theω-equation has been used to determine the lengthscale, and for the EARS
standard high-ReK–ω equations have been used as model platform. Thus, the EARSM and DRSM should be as compa
possible.

2. Governing equations

Fully developed rotating pipe flow is a 3D mean flow which is dependent on one spatial coordinate only,r , in a cylindrical
coordinate system(r, θ, z). The mean velocity flow field is constrained to the axial and azimuthal directions. The radial
velocity is zero in the fully developed state. The Reynolds averaged Navier Stokes equations for the azimuthal and a
velocities are given by

∂Uθ

∂t
= 1

r2

∂

∂r

[
r3ν

∂

∂r

(
Uθ

r

)
− r2uruθ

]
, (1)

∂Uz

∂t
= − 1

ρ

∂P

∂z
+ 1

r

∂

∂r

[
νr

∂Uz

∂r
− ruruz

]
. (2)

The components of the Reynolds stress tensor are given by their transport equation which in a Cartesian coordinate s
be written as

Duiuj

Dt
=Pij − εij + Πij +Dij (3)

wherePij is the production,εij the dissipation rate tensor,Πij the pressure strain rate tensor andDij the diffusion of the
Reynolds stresses.D/Dt = ∂/∂t + Uk∂/∂xk is the advection by the mean flow.

In (3) and in the auxiliary lengthscale-determining equation (e.g. theω-equation (9)), all the quantities except the product
of the Reynolds stresses,Pij , have to be modelled. The production can be expressed explicitly in terms of the strain and r
rate tensors

Sij = 1

2

(
∂Ui

∂x
+ ∂Uj

∂x

)
Ωij = 1

2

(
∂Ui

∂x
− ∂Uj
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)
(4)
j i j i
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and the Reynolds stress tensor. In both the DRSM and, in particular, the EARSM formulation the Reynolds stress a
tensor plays a fundamental role. It is defined as

aij = uiuj

K
− 2

3
δij (5)

whereK = 1
2uiui is the turbulence kinetic energy. We may utilize these quantities to express the production tensor as

P = K

(
−4

3
S − (aS + Sa) + aΩ − Ωa

)
. (6)

A matrix notation is used in (6), where e.g.aS has the componentsaikSkj . For rotating pipe flow, the mean strain and rotat
rate tensors evaluated in a nonrotating frame of reference, read

S = 1

2




0 dUθ
dr

− Uθ
r

dUz

dr

dUθ
dr

− Uθ
r 0 0

dUz

dr
0 0


 , (7)

Ω = 1

2




0 −dUθ
dr

− Uθ
r −dUz

dr

dUθ
dr

+ Uθ
r 0 0

dUz

dr
0 0


 . (8)

Since the problem is formulated in a nonrotating frame of reference the effect of rotation enters only through the b
conditions on the azimuthal mean velocity. Thus, no Coriolis term appears in (3) andΩ has no explicit dependency on th
angular velocity of the pipe.

We here chooseω = ε/(β∗K) (β∗ = 0.09) as the lengthscale determining quantity. The modelled transport equationω

reads

∂ω

∂t
= α

ω

K
P − βω2 +Dω (9)

whereP = Pii/2 is the production of turbulence kinetic energy andDω the diffusion ofω. α = 5/9 andβ = 3/40 are model
constants, see Wilcox [15].

In the EARSM computations, relation (3) is replaced with its trace, the transport equation for the turbulence kin
ergy,K , that reads

DK

Dt
= P − ε +DK (10)

(whereDK is the diffusion ofK andε is the dissipation rate) together with an explicit relation between the Reynolds
anisotropy tensor and the mean strain and rotation rate tensors normalized with the turbulence timescale,τ = K/ε, aij =
aij (τS, τΩ), see Appendix A. All equations are integrated down to the wall.

2.1. Modelling

To close the system of equations, the unknown quantitiesΠij , εij , Dij , Pω, Dij , DK andDω have to be modelled in term
of the known quantitiesSij , Ωij , uiuj andω.

It is convenient to lump the pressure strain rate and the dissipation rate anisotropy models together since the slow
strain and the dissipation rate anisotropy,eij = εij /ε − 2/3δij , tensors are modelled in principally the same way. The comp
model that is quasilinear in the Reynolds stress anisotropy tensor reads

Π

ε
− e = −1

2

(
C0

1 + C1
1
P
ε

)
a + K

ε

(
C2S + C3

2

(
aS + Sa − 2

3
{aS}I

)
− C4

2
(aΩ − Ωa) + CΩ

(
NΩ + NS

))
(11)

where{} denotes the trace andI is the identity matrix. The term quasilinear here signifies that only a scalar nonlinear
the anisotropy is allowed. This enters through the inclusion ofP/ε ≡ −τ {aS}. In (11) we have also included the last term th
represents an extension that is nonlinear in the mean strain and rotation rate tensors,

NΩ = 1√−IIΩ

(
aΩ2 + Ω2a − 2

3

{
aΩ2}

I
)

, (12)

NS = 1√
(

aS2 + S2a − 2{
aS2}

I
)

. (13)

IIS 3
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NΩ andNS were originally proposed by Sjögren and Johansson [16] and the inclusion of these terms were shown to
predictions in strongly rotating generic flows. By using the same coefficient in front of both (12) and (13) the total contr
vanishes in parallel flows. The L-DRSM corresponds toCΩ = 0, while for the NL-DRSMCΩ = 0.5, which is the value
suggested by Sjögren and Johansson [16].

The diffusion of the Reynolds stresses can schematically be written as

Dij = − ∂

∂xm

(
Jijm − ν

∂uiuj

∂xm

)
(14)

whereJijm depends on correlations of the fluctuating velocity and pressure and thus needs to be modelled. In the
DRSM computations the diffusion model by Daly and Harlow, [17], has been adopted. In Cartesian tensor notation
and Harlow model reads

Jijk = −cs
K

ε
ukul

∂uiuj

∂xl
. (15)

In a cylindrical coordinate system the model expression is somewhat lengthy and is therefore given in Appendix B.
EARSMs the diffusion of the Reynolds stress anisotropy is neglected due to the weak equilibrium assumption prop
Rodi [18]. However, the diffusion ofK andω are accounted for in the respective platform equations by using the diffu
model by Daly and Harlow [17]. The effect of using a simpler effective eddy-viscosity diffusion approach is also inves
The implications are discussed in Section 6.

The Daly and Harlow model forω reads

Dω = 1

r

∂

∂r

[
r

(
ν + cω

K

ε
urur

)
∂ω

∂r

]
(16)

and correspondingly forK (with cω replaced bycs ). The model parameters used arecs = cω = 0.11 for the L-DRSM and the
EARSMs andcs = cω = 0.08 for the NL-DRSM.cs andcω have been calibrated by considering the log-layer of nonrota
channel flow.

Two EARSM formulations have been used, the formulation proposed by Wallin and Johansson [6] and its exten
nonlinear pressure strain rate model, see Grundestam et al. [13]. Both of these formulations use a complete five elem
basis for 3D mean flows such that

a =
∑

i=1,3,4,6,9

βiT
(i). (17)

Theβ-coefficients are explicitly dependent on the production to dissipation ratio,P/ε. The consistency conditionP/ε ≡ τ {aS}
results in a cubic equation for 2D mean flows (see Appendix A). Normally, this would also be used as an approximatio
mean flows. A more accurate approximation for 3D cases was derived by Wallin and Johansson [6]. This approxima
be used for the highest rate of rotation case studied here, where the large deviation from a 2D state turns out to requ
corrected description for convergence of the solution. See Appendix A for a brief summary.

The curvature correction proposed by Wallin and Johansson [19] has been used in conjunction with both explicit
This contribution is derived from the advection of the Reynolds stress anisotropy and can be written as

−τ
(
aΩ(r) − Ω(r)a

)
(18)

whereτ is the turbulence timescale. Adding (18) to the algebraic approximation of the transport equation foraij yields a
systematic improvement of the weak equilibrium assumption in that it gives an approximation of the neglection of the a
of aij in a local streamline-based system. For fully developed rotating pipe flow, the correction exactly represents the a
and can be written

Ω
(r)
ij

= −εij3
Uθ

r
(19)

For an EARSM using a pressure strain rate model linear inΩ , CΩ = 0 in (11), the correction (18) can easily be includ
through the transformation

Ω → Ω∗ = Ω − 1

A0
Ω(r), A0 = C4

2
− 1. (20)

For a nonlinear pressure strain rate model,CΩ �= 0, the amount of algebra generated for 3D mean flows makes the
EARSM formulation somewhat awkward. A discussion on this and suggested approximations can be found in Gru
et al. [20].
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3. Numerical procedure

Since fully developed rotating (and nonrotating) pipe flow is dependent on one spatial coordinate only, the flow can
puted using a special code developed for problems with dependence on one spatial dimension, see Wallin and Mårten
For the spatial discretization a second order central difference scheme is used. The time stepping towards a steady s
with the implicit Euler backward step method. The corresponding system matrix is inverted by an iterative method
timestep.

To reach the desired Reynolds number based on the mean bulk velocity and the pipe diameter, the pressure gradie∂P/∂z,
is set appropriately. In order to keep the Reynolds number constant when rotation is applied to the pipe, the pressure
adjusted accordingly.

The system of governing equations is solved in the nonrotating system meaning that the azimuthal velocity is no
the wall. The equivalent alternative would have been to solve the problem in a rotating frame by including the appropria
associated with system rotation and imposing a zero velocity on the wall.

The grid used is a one dimensional stretched grid from the center of the pipe to the pipe wall. The stretch factor is
the number of grid points is 100 with a concentration of points near the wall. To get an indication of grid dependenc
with 400 points and a stretch factor of 0.99 was tested. The model predictions were, however, virtually unaffected.

4. Results

The fully developed rotating pipe flow was computed for three rotation numbersRo = Uθ (R)/Um = 0, 0.5 and 1 and a
Reynolds number based on the pipe diameter and the mean bulk velocity ofRe = UmD/ν = 20000. The results can be seen
Fig. 1–4. As comparison, the experimental results by Imao et al. [9] are shown in the corresponding figures. A lower R
number,Re = 4900, is computed corresponding to Orlandi and Fatica [8], see Fig. 5.

In order to achieve convergence with the GWJ-EARSM forRo = 1, the 3D mean flow correction proposed by Wallin a
Johansson [6] (see Appendix A) was applied. To enable comparisons, theN -correction was also applied to the WJ-EARSM f
this rotation number. ForRo = 0.5 the cubicN or N∗-solutions were used.

4.1. Mean velocities

The mean axial velocity normalized with the mean bulk velocity,Uz/Um, is shown in Fig. 1. ForRo = 0, all models predic
a Uz profile that is somewhat too flat as compared to the experimental data in the region 0� r/R � 0.8. Hence, the mea
velocity becomes underpredicted in the centre of the pipe and too large closer to the wall. The predictions of the two E
collapse to the same curve. The two DRSM formulations differ slightly despite the fact that the total contribution ofNΩ and
NS is zero. This is due to the recalibration of the model coefficientA0 for the GWJ-EARSM (something that is inherited by t
NL-DRSM and hence affects the predictions), which is necessary to capture neutral stability of a rotating homogeno
flow for rotation numberRo = 0.5, see Grundestam et al. [13] and Wallin and Johansson [19].

Also for Ro = 0.5 all models predict a mean axial velocity which is too low in the middle of the pipe. The GWJ-EA
shows, however, the best agreement with the experimental data and gives a small improvement over the other mode
WJ-EARSM the change from theRo = 0 case is small, and the two DRSMs predict virtually the sameUz. All models predict a
small increase of the centerline velocity as compared with the nonrotating case, in accordance with the experiments.

The predicted increase in centerline velocity fromRo = 0.5 to Ro = 1 is even larger than in the experiments. ForRo = 1,
the NL-DRSM agrees well with the experiments. The L-DRSM and the WJ-EARSM predict aUz-profile that is somewhat to
flat in the center of the pipe. The GWJ-EARSM, on the other hand, slightly overshoots in the center of the pipe mea
the profile is somewhat too laminar-like. Note, though, that for this rotation convergence of the solution required the 3
flow corrected approximation forN . This is consistent with the fact that the 3D character of the flow is stronger in this
(Ro = 1).

All models predict a near parabolic shape of the mean azimuthal velocity,Uθ , for bothRo = 0.5 andRo = 1, see Fig. 2. It is
clear that the nonlinear termsNΩ andNS , affect the model predictions significantly, resulting in profiles that deviate less
solid body rotation. This implies a better agreement between the nonlinear models and the experiment forRo = 0.5. ForRo = 1,
on the other hand, the NL-DRSM and the GWJ-EARSM predict aUθ profile that deviates too little from a solid body rotatio
What also can be noted here is that in the experiments by Imao et al. [9], the difference inUθ/Uw betweenRo = 0.5 andRo = 1
is small with a small increase in the deviation from solid body rotation for increasing rotation. The model predictions s
opposite trend with a decreasing deviation from solid body rotation for increasing rotation. The trend of decreasing d
from solid body rotation can also be extracted from the data in the paper by Orlandi and Fatica [8].
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Fig. 1. Normalized axial velocityUz/Um for Rem = UmD/ν = 20000 andRo = Uθ (R)/Um = 0, 0.5 and 1, (−) NL-DRSM,
(−−) GWJ-EARSM, (−·) L-DRSM (thick line forRo = 0), (· · ·) WJ-EARSM, experimental data by Imao et al. [9] (◦).

Fig. 2. Normalized azimuthal velocityUθ/Uwall for Rem = UmD/ν = 20000 andRo = Uθ (R)/Um = 0.5 and 1, (−) NL-DRSM,
(−−) GWJ-EARSM, (−·) L-DRSM, (· · ·) WJ-EARSM, experimental data by Imao et al. [9] (◦).

4.2. Turbulence kinetic energy

For the nonrotating case (Fig. 3), all model predictions of the turbulence kinetic energy more or less coincide an
reasonably good agreement with experimental data. The somewhat low values ofK in the near-wall region are associated w
the high-Re form of theω-equation used. The latter also holds for the rotating cases.

For nonzeroRo, the predictions for all models are still in fair agreement with the experimental data. ForRo = 0.5 all models
predict a higher level ofK in the central region, than for the nonrotating case. The experiments, on the other hand, show
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Fig. 3. Normalized turbulence kinetic energyK/U2
m for Rem = UmD/ν = 20000 andRo = Uθ (R)/Um = 0, 0.5 and 1, (−) NL-DRSM,

(−−) GWJ-EARSM, (−·) L-DRSM, (· · ·) WJ-EARSM, experimental data by Imao et al. [9] (◦).

decrease. The NL-DRSM and the GWJ-EARSM show a further increase forRo = 1, while the experimental data show litt
difference betweenRo = 0.5 andRo = 1.

4.3. Reynolds stress anisotropies

The effect of the turbulence on the mean flow is directly related to the Reynolds stressesuruz anduruθ , as seen in (2
and (1). The shape of theUz-profile is governed by the predicteduruz and the deviation from solid body rotation of th
azimuthal mean velocity component,Uθ , seen in Fig. 2, is an effect of a nonzero and positiveuruθ . The model predictions o
the diagonal Reynolds stress anisotropies,aαα (repeatedα means no summation) influence the mean flow velocity compon
only in an indirect manner.

The diagonal components,aαα , and the off-diagonal componentsarz andaθz are shown in Fig. 4. Comparisons are ma
with the experimental data by [9]. Since the experiments do not provide measurements ofuruθ the corresponding model pre
dicted anisotropy,arθ , is compared with the direct numerical simulations by Orlandi and Fatica [8]. Therefore, complem
computations were performed forRe = 4900. The model predictions ofarθ together with the corresponding values ofK are
shown in Fig. 5. In order to keep the plot as clear as possible, only the predictions made by the DRSM turbulence
are shown here, the L-DRSM and the NL-DRSM. Thus, the effect of the nonlinear terms on the Reynolds stress ani
can be studied. The anisotropy predicted by using EARSM and DRSM are qualitatively similar. The most importan
ence is that the EARSM predicts diagonal Reynolds stress anisotropy components which are nearly zero in the cen
pipe. This is due to the neglected diffusion of the Reynolds stress anisotropy which leads to a direct dependenceaij on
the mean velocity gradients for the EARSM. In the center of the pipe, where∂Uz/∂r is zero and∂Uθ/∂r is relatively small
and attains its smallest value, the EARSM predictions are nearly isotropic. The DRSMs, on the other hand, do n
from this limitation and therefore allow a more physically correct anisotropic turbulence, and hence nonzeroaαα , in this re-
gion.

As seen in Fig. 4 the model predictions ofaαα show the same trends as the experiments, with the largest part of the turb
kinetic energy in theuzuz component. The quantitative agreement is somewhat better forRo = 0.5 than forRo = 1. The failure
of the models close to the wall is a result of the near wall treatment and the fact that no near wall damping has been
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Right: arz (−) and (◦) andaθz (−·) and (�). L-DRSM (thin line), NL-DRSM (thick line), experimental data by Imao et al. [9] (symbols).

This is also evident forarz, which is in good agreement with the experiments in the center region while being overpre
close to the wall. It should further be pointed out that due to the overall decrease ofarz in combination with the relatively sma
increase of the turbulence kinetic energy when the rotation is increased fromRo = 0.5 to Ro = 1, uruz decreases which resul
in a more laminar likeUz-profile.

The magnitude ofaθz is drastically overpredicted. We can further note that both the L-DRSM and the NL-DRSM
dict a negativeaθz. The experimental data by Imao et al. [9] also show this. The negative sign ofaθz is also reported on
by for instance Pettersson and Andersson [4] and Jakirlić and Hanjalíc [1] when using RANS models to compute rotati
pipe flow. Negativeaθz is in contradiction with the direct numerical simulation by Orlandi and Fatica [8], which has sho
positiveaθz. For further discussions on theaθz-anomaly, see for instance Petterson and Andersson [4] and Jakirlić and Han-
jalić [1].

When comparisons are made with the direct numerical simulations by Orlandi and Fatica [8], see Fig. 5, the nonline
(12) and (13) are seen to clearly have a positive effect on the predictions ofarθ and the turbulence levelK . However, at this
Reynolds number the disadvantage of the lack of near wall treatment is obvious. The underprediction of the turbulenc
energy close to the wall results in a drastically overpredictedarθ in the same region. One can further make the note that in
DNS by Orlandi and Fatica [8], the turbulence kinetic energy levels rather seem to increase with increasing rotation in
decrease as indicated by the experiments by for instance Imao et al. [9] and Facciolo [10].

The magnitude ofarθ is much smaller than the other anisotropy components. This is in line with the discussion in
and Johansson [6] thatarθ should scale as 1/Re.

4.4. Alternative diffusion modelling for the EARSMs

In the paper by Wallin and Johansson [6], an effective eddy-viscosity diffusion model for theK- andω-equations was teste
in conjunction with their EARSM formulation. The effective eddy-viscosity,νeff

T
, can be seen as the part of Reynolds str

anisotropy that is proportional to the strain rate tensor,Sij , and is given by

νeff
T = −1

2
(β1 + IIΩ∗β6)Kτ. (21)

The resulting diffusion terms of theK andω equations read
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Fig. 5. Computedarθ andK/U2
m at Re = 4900 forRo = 0.5 (upper) andRo = 1 (lower). Left:arθ , right: K . L-DRSM (thin line), NL-DRSM

(thick line), DNS by Orlandi and Fatica [8] (symbols).

DK = 1

r

∂

∂r

(
r

(
ν + νeff

T

σK

)
∂K

∂r

)
, (22)

Dω = 1

r

∂

∂r

(
r

(
ν + νeff

T

σω

)
∂ω

∂r

)
(23)

whereσK = 2 andσω = 2 are model parameters. Compared to a Daly–Harlow model, this model gives only small diffe
in the predictions of plane turbulent channel flow.

In the present case, however, the use of this modelling approach instead of the Daly and Harlow model, leads to s
changes in the EARSM predictions. Especially, the predicted values of the turbulence kinetic energy levels become dra
higher for the rotating cases. This can be seen in Fig. 6, where predictions emanating from the application of the eddy
diffusion model and the model proposed by Daly and Harlow [17] are compared forRo = 0.5.

From this it is obvious that the application of the effective eddy-viscosity based diffusion model leads to a severe
diction of the turbulence kinetic energy. Also, the maximum ofK is moved closer to the center of the pipe. The eddy visco
approach in conjunction with the GWJ-EARSM leads to a drastic change of the shape of the K-profile. The level is
overpredicted and the region where the profile is concave downwards occupies the major part of the pipe. The WJ-EAR
overpredicts the turbulence level. The region where the second derivative ofK is positive and negative, respectively, are n
changed nearly as much as for the GWJ-EARSM though. ForRo = 1 (not shown here), both models overpredict the turbule
level even more severely showing a maximum peak ofK/U2

m ∼ 0.03.
The mechanism behind the high turbulence kinetic energy levels predicted by the eddy-viscosity based diffusion

further discussed in section 6. Also, it is demonstrated that reasonable turbulence level can be achieved with this diffus
by slightly altering the model for the production of the dissipation rate in theω-equation.

4.5. Comparisons with scaling laws from symmetry methods

Lie group symmetry methods are useful tools for analyzing differential equations. The idea is to derive transformatio
independent and dependent variables that leave the form of the governing equations unaltered. These transformatio
said to be symmetries or symmetry transformations of the system considered. By use of these transformations one c
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Fig. 6. Computed turbulence kinetic energy,K/U2
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model (thin) Daly–Harlow diffusion model (thick), experimental data by Imao et al. [9] (◦).

the number of independent variables, and also, compute the relations between the independent and the depende
or invariant solutions. The relations are not unique however, but depend on a number of free functions which can b
somewhat arbitrarily. By imposing a constraint on a free function, a symmetry is broken. Loosely speaking, this corres
imposing outer constraints on the governing system (or boundary conditions) and will lead to a change of the invariant
governed by the corresponding free function.

Lie group symmetry methods have been applied to the Navier Stokes equations by e.g. Oberlack [11] for the
solutions to plane parallel shear flows (and further tested by Lindgren et al. [22]). Oberlack [23] also applied the m
nonrotating and rotating turbulent pipe flows. Similar studies for free shear-flows etc. can be found in Cantwell [24].
rotating pipe flow Oberlack derived algebraic scaling laws for the mean axial and azimuthal velocities. The algebraic
the azimuthal velocity can be written

Uθ (r)

Uθ (R)
= ζ

(
r

R

)ψ

(24)

whereUθ (R) is the azimuthal velocity at the wall andζ andψ are constants. It is assumed to hold away from the pipe
with ψ = 2 andζ close to unity. The axial mean velocity is strongly dependent on the azimuthal wall velocity,Uθ (R), therefore
Oberlack proposes a velocity defect law for the axial mean velocity

Uc − Uz

Uτ
= χ

(
Uθ (R)

Uτ

)(
r

R

)ψ

(25)

whereUc is the centerline velocity andχ a function of the velocity ratio. The symmetry analysis indicates thatψ should have
the same value for (24) and (25), see Oberlack [23].

The scaling law for the azimuthal velocity, (24), is compared with the present computations in Fig. 7. It is obvious
dependence of the different models on the radial coordinate is not strictly quadratic, but varies. Close to the center o
(r/R � 0.3) all model predictions correspond toψ ∼ 1 andζ < 1. The linear dependence of the azimuthal mean velocity
the radial coordinate near the center of the pipe is also noted by Oberlack [11] when making comparisons with the DN
Orlandi and Fatica [8]. ForRem = 4900 andRo = 2, he deduces that the quadratic algebraic law (24) is only valid in the re
0.3� r/R � 0.6.

At aroundr/R ∼ 0.3–0.4, the model predictions ofψ successively increase. ForRo = 0.5, the NL-DRSM is in best agree
ment with (24) and shows forr/R > 0.3 a nearly quadratic radial dependence. ForRo = 1, on the other hand, the power in th
dependence onr for the same model is too low.

Model comparisons with the axial velocity defect law (25) can be seen in Fig. 8. The DRSMs are in good agreem
(25) throughout most of the region and the deviation from the quadratic scaling law seems to be significant forr/R � 0.6 for
the linear DRSM and somewhat closer to the wall for the NL-DRSM. ForRo = 0.5, the EARSMs has varying dependence
the radial coordinate corresponding toψ ∼ 1.5–3. This is also the case for the WJ-EARSM forRo = 1.

The experimental data by Imao are plotted in Figs. 7 and 8 for comparison and are generally in good agreemen
quadratic scaling laws (24) and (25), respectively. Smaller deviations can be seen forUθ , Fig. 7, in the regionr/R � 0.3,
especially forRo = 1.
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Fig. 7. Log–log-plot of normalized azimuthal velocityUθ/Uθ (R) for Rem = UmD/ν = 20000 andRo = 0.5 and 1. (−) NL-DRSM, (−−)
GWJ-EARSM, (−·) L-DRSM, (· · ·) WJ-EARSM, experimental data by Imao et al. [9] (◦), straight lines∼ (r/R) (thickest) and∼ (r/R)2

(thick).

Fig. 8. Log–log-plot of normalized velocity defect forRem = UmD/ν = 20000 andRo = 0.5 and 1. (−) NL-DRSM, (−−) GWJ-EARSM,
(−·) L-DRSM, (· · ·) WJ-EARSM, experimental data by Imao et al. [9] (◦), straight lines∼ (r/R) (thickest) and∼ (r/R)2 (thick).

5. Approximation of N and neglection of diffusion of the Reynolds stress anisotropy in EARSM

Although both the EARSMs and the DRSMs give qualitatively good predictions for this particular flow case, it m
interesting to investigate how the differences between the models affect the predictions.

The important differences between the EARSMs and the DRSMs used in the present study, are the approximat
quantityP/ε used in the expansion coefficients of the EARSM and the neglection of the diffusion of the Reynolds
anisotropy due to the EARSM weak equilibrium assumption. In order to eliminate as many differences between the
and DRSM as possible, only the WJ-EARSM and the L-DRSM will be investigated here. Although, the NL-DRSM and
EARSM are closely related, the approximations of the nonlinear termsNΩ andNS in the GWJ-EARSM, introduce difference
in addition to those mentioned above.

To get a more quantitative indication on how theP/ε-approximation and the neglection of the diffusion of the Reyno
stress anisotropy affect the predictions of the production to dissipation ratio,P/ε = −τ {aS}, in the transport equation ofK ,
one can by using theK , ω and mean flow solutions from the L-DRSM, calculateP/ε = −τ {aS} as given by the WJ-EARSM
under the conditions: (a)N in theβ-coefficients is calculated usingP/ε from the L-DRSM solution; (b)N is calculated using
the solution of the cubic equation as an approximation; (c)N is calculated using the cubic equation plus the 3D mean
correction (see Appendix A).
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Fig. 9.P/ε = −τ {aS} for Ro = 0 (thin line), 0.5 (thicker line) and
1 (thickest line) for L-DRSM (−). (−−) P/ε as predicted by the
WJ-EARSM usingN from the L-DRSM flow solution.

Fig. 10. P/ε = −τ {aS} for Ro = 0.5 (thin line), and 1 (thick
line) for L-DRSM (−), WJ-EARSM (−−) and WJ-EARSM with
N -correction (−·) using the L-DRSM mean flow,K andω solutions.

The outcome can be interpreted by looking at the balance equation of the Reynolds stress anisotropy for the fully d
flow, which is satisfied by the DRSM solution,

1

ε

(
uiuj

K
DK −Dij

)
= −K

ε
Aij + 1

ε
(Pij − εij + Πij ) − uiuj

K

(P
ε

− 1

)
(26)

whereAij is the advection ofaij which is fully accounted for in the EARSM calculations, see Section 2.1. The left-hand
of (26) is the total diffusion ofaij which is neglected for the EARSM meaning that only the right-hand side of (26) is zero
P/ε from the explicit algebraic model is inserted.

For case (a), the difference between the EARSM and DRSM indicates to what extent the neglection of the diffusioaij

alters the production to dissipation ratio in the transport equation ofK . The difference between cases (a) and (b) shows how
cubic approximation ofN in theβ-coefficients affects the production to dissipation ratio in the transport equation ofK .

For case (a), the difference between the DRSM and the EARSM in the predictions ofP/ε are small, especially for th
rotating cases (see Fig. 9). However, by investigating case (b) (Fig. 10) and comparing with case (a), one can deduc
approximation ofN affects the flow predictions significantly more than the neglection of the diffusion ofaij for the rotating
cases. In fact, the approximation ofN becomes increasingly more important as the rotation is increased. This is consiste
the fact that the cubicN -approximation is exact for 2D mean flows only and can hence be expected to deviate more an
from the exact value as the effects of a 3D mean flow become stronger due to increased rotation. What is important to
is that both the neglection of the diffusion and the approximation ofN could be expected to have an overall damping effec
the turbulence for the rotating cases according to Figs. 9 and 10.

Case (c) illustrates the significant improvement achieved by use of the 3D mean flow correction forN (see Appendix A).
Although the improvement forRo = 1 is relatively smaller than forRo = 0.5 it is important since the effects of the 3D charac
of the flow become more and more important with increasing rotation. It should also be noted that the GWJ-EARSM
the 3D N-correction for convergence atRo = 1, see [20].

6. Discussion

It is obvious that the nonlinear termsNΩ andNS have a significant effect on the predictions of axially rotating pipe flow.
the explicit algebraic model formulation this means an overall improvement forRo = 0.5. For the DRSMs the nonlinear term
also have a significant effect on the predictions. But in this case it is not clear whetherNΩ andNS have an overall positive
effect. It is evident, however, that the effect ofNΩ andNS is not as pronounced for the DRSM as for the EARSM.

The differences between the predictions made by the DRSM and the EARSM can be expected to depend on two d
between the two modelling approaches. The first is the consistency condition for the explicit algebraic models.aij is explicitly

dependent onN = A3 + A4
P
ε which should be consistent with the relationP/ε = −τ {aS}. This results in a cubic equatio

for N (or P/ε) in 2D mean flows which can be solved, see Girimaji [25] and Wallin and Johansson [6]. In 3D mean
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of (28) as
N is given by a sixth order equation which cannot readily be solved. Therefore the 2D mean flow form ofN is used as an
approximation, see Wallin and Johansson [6]. For a DRSM no such approximation is necessary since no explicit depe
aij onP/ε is needed. The second factor to consider is the diffusion modelling. For the EARSM, the diffusion of the Re
stress anisotropy is neglected due to the underlaying weak equilibrium assumption. We here also found that it is imp
a choose a Daly–Harlow type of diffusion modelling in the platform (K–ω, here) equations, especially for the prediction
reasonably correct kinetic energy levels.

To understand how the interaction between the production to dissipation ratio and the diffusion terms affects the pre
one can consider a simplified transport equation of some quantityφ for modelling the principal behaviour in e.g. theK-equation

∂φ

∂t
= Pφ − εφ + ∂

∂x

(
c1

∂φ

∂x

)
, x ∈ [0,1]. (27)

For an unsteady state, the local value ofPφ − εφ will correspond to the local rate of change due to the total source term
diffusion term will locally act as a source or sink depending on whether the second derivative ofφ is positive or negative
assuming thatc1 is a positive constant.

For a steady state (fully developed) the situation is a bit different since the left-hand side of (27) vanishes. Ifc1 is assumed to
be a positive constant, then, whetherPφ/εφ < 1 orPφ/εφ > 1 determines the sign of the second derivative ofφ. If the region
wherePφ/εφ > 1 is wide, theφ-profile will be concave downwards over a large region with a local curvature dependi
the local value ofPφ/εφ andc1 in the corresponding region. A small region in conjunction with a small valuec1 would, on
the other hand, result in a narrow sharp peak in theφ-profile. The situation is the opposite in regions wherePφ/εφ < 1 where
a small value ofc1 gives a profile which is strongly concave upwards. Intuitively this is correct since a large diffusion,
value ofc1, tends to smear things out and suppress peaks. The requirement ofPφ/εφ > 1 in some region also poses a conditi
on the existence of a nonzero solution. If the boundary conditions are given by∂φ/∂x = 0 andφ = 0 in the center and on th
wall of the pipe respectively, as in the present computations, and onlyφ � 0 is allowed, then it is a necessity to havePφ/εφ > 1
somewhere in the domain in order to obtain a nonzero solution. The reason for this is that ifPφ/εφ � 1 everywhere, which
implies a positive second derivative, thenφ must be zero or negative in the domain to match the boundary conditions.
negative values are not allowed, for e.g.φ = K , the zero solution will be the only solution.

For the actual computations, the diffusion cannot be formulated in terms of a pure second derivative ofK as in (27) since the
diffusion model gives rise to extra terms that have to be taken into account (c1 is not constant). This implies for example that t
point where the second derivative ofK changes sign is not located at the same point as whereP/ε = 1. However,P/ε = 1 will
correspond to the point where the diffusion ofK changes sign and will hence give an indication on where∇2

r K changes sign. I
is also evident that the diffusion modelling plays a significant role. This is demonstrated in Section 4.4 where the appli
the eddy-viscosity based diffusion model leads to severe overpredictions ofK for the rotating cases. One can also, by adjus
cs andcω, alter the turbulence level. In fact, it can readily be demonstrated that an increase incs results in lowerK-values close
to the wall and increased turbulence levels in the center of the pipe. A decrease has the opposite effect. This is cons
the fact that turbulence is mainly produced in the near-wall region and transported outwards. For theω-equation, on the othe
hand, an increase incω results in an overall decrease inK while a decrease has the opposite effect for this particular case

However, one must remember that the model predictions of the turbulence kinetic energy are governed by a
balance which is strongly related to the lengthscale determining equation. In particular, the modelling of the productio
lengthscale determining quantity,Pω in our case, is very important sinceK is strongly influenced via the prediction ofω. It can
be shown that a small change inPω can have a significant effect on the turbulence levels. As a demonstration of this one c
the eddy-viscosity based effective diffusion model discussed above in conjunction with a modified model forPω. By blending
the eddy-viscosity assumption with an EARSM when computingPε , a model for the production of the dissipation rate can
obtained,Pε = Cε1ε/K(CαPEVM

K
+ (1− Cα)PEARSM

K
) wherePEVM

K
= 2νT IIS andCα is the parameter that determines t

relative weight of the eddy viscosity assumption. Since the production ofω is given byPω =Pε/(CµK)− ω
K
PK , Pω becomes

Pω = 2Cα(α + 1)IIS + (α − Cα − Cαα)
ω

K
PK (28)

whereα = Cε1 − 1 andPK denotes the turbulent kinetic energy production.
By using (28) in theK–ω platform the characteristics of the flow are radically changed even for a small value oCα .

Fig. 11 shows the predictions made by the GWJ-EARSM forCα = 0.1 andCα = 0 andRo = 0.5 with the eddy-viscosity base
diffusion. As can be seen, the effect on the turbulence kinetic energy is significant and the predictions forCα = 0.1 are in good
agreement with the experiments. The mean velocities are not shown here, but the effect on theUz- andUθ -profiles is small
compared to the change ofK . By increasingCα further the turbulence level is reduced even more while still keeping the ch
in the mean velocity profiles relatively small.

It must be pointed out, however, that it is not the intention here to investigate the advantages and disadvantages
a model. Remember that the Daly and Harlow diffusion model gave a much better prediction ofK for Cα = 0. The purpose is
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Fig. 11.P/ε for GWJ-EARSM andRo = 0 with Cα = 0 (−) andCα = 0.1 (· · ·) and forRo = 0.5 with Cα = 0 (−−) andCα = 0.1 (−·).
Diffusion of K andω based on the effective eddy-viscosity. Experimental data by Imao et al. [9] forRo = 0 (�), andRo = 0.5 (�).

Fig. 12. Normalized turbulence kinetic energy,K/U2
m, WJ-EARSM with turbulence kinetic energy production,P , calculated from cubic

N -equation, forRo = 0 (−−), Ro = 0.5 (−) and Ro = 1 with N -correction (· · ·). Experimental data by Imao et al. [9] forRo = 0 (�),
Ro = 0.5 (�) andRo = 1 (�).

merely to demonstrate that the modelling ofPω is important and that the delicate nature of the problem implies that a s
change in the model can have a significant effect on the turbulence level.

In the present EARSM computations the approximation ofP/ε is only used for theβ-coefficients, see Appendix A. I
the platform equations the production of the turbulence kinetic energy is naturally calculated asP = −K{aS}, with Sij given
by (4). In this way the production of the turbulence kinetic energy,P , is consistent with the formulation of the Reynolds str
anisotropy in the sense thatP is exact in terms ofaij . The alternative to this would be to makeP consistent withN and hence
evaluate the production of the turbulence kinetic energy asP = (N − A3)ε/A4. For the WJ-EARSM this leads to turbulen
kinetic energies in good agreement with the experiments, see Fig. 12. ForRo = 0.5 this approach leads to a small decreas
K compared to the nonrotating case. If theN -correction is applied forRo = 1 the predictions ofK are in reasonable agreeme
with the experimental data as seen in Fig. 12, slightly better than the previous choice shown in Fig. 3. On the oth
if the N -correction is not applied, the WJ-EARSM predicts a laminar flow forRo = 1, implying stronger sensitivity to flow
laminarization. This is another illustration of the importance of the consistency between the production term andN .
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Appendix A. Explicit algebraic Reynolds stress model formulation

In the following the strain and rotation rate tensors are assumed to have been nondimensionalized with the turbul
scale,τ . The EARSM formulations are derived by solving the modelled ARSM equation which for the GWJ-EARSM re

Na = −A1S − (aΩ∗ − Ω∗a) + c
(
NΩ + NS

)
(A.1)

where

N = A3 + A4
P
ε

(A.2)

(A.1) is given by (3) after assuming weak equilibrium, Rodi [18]. Due to the amount of algebra generated, the nonlinea
NΩ,S , are approximated as

NΩ =
√−IIΩ
−IIΩ∗

(
aΩ∗2 + Ω∗2a − 2

3

{
aΩ∗2}

I
)

, NS = √
IIS a (A.3)

when (A.1) is solved. The approximations reduce to the original expression in 2D mean flows, see Grundestam et a
further details.

The explicit algebraic models used are formulated using a complete five element tensor basis for 3D mean flows.
tensors used are

T(1) = S, T(3) = Ω∗2 − 1

3
IIΩ∗I,

T(4) = SΩ∗ − Ω∗S, T(6) = SΩ∗2 + Ω∗2S − 2

3
IVI,

T(9) = Ω∗SΩ∗2 − Ω∗2SΩ∗

whereS andΩ∗ in this appendix have been normalized using the turbulence timescale

τ = K

ε
. (A.4)

The relation between the Reynolds stress anisotropy and the mean flow gradients is given by

a = β1T(1) + β3T(3) + β4T(4) + β6T(6) + β9T(9) (A.5)

where theβ-coefficients are given by

β1 = A1
(
N∗c2IIΩ + 8cIIΩ∗

√−IIΩ − 14N∗IIΩ∗ + 4N∗3)/
(Q1Q2),

β3 = 4IVA1
(
2c2IIΩN∗2 + c3N∗(−IIΩ)3/2 − 18II2

Ω∗ + 18cN∗√−IIΩ IIΩ∗

+ 7c2IIΩ∗ IIΩ
)/(

II2
Ω∗

(
2c

√−IIΩ − 3N∗)
Q1Q2

)
,

β4 = 4A1/Q1,

β6 = −2A1
(
N∗c2IIΩ + 4cIIΩ∗

√−IIΩ + 2N∗2c
√−IIΩ − 6N∗IIΩ∗

)/
(IIΩ∗Q1Q2),

β9 = 2A1
(
4cN∗√−IIΩ + c2IIΩ − 6IIΩ∗

)/
(IIΩ∗Q1Q2) (A.6)

where

Q1 = −(
2N∗ − c

√−IIΩ
)2 + 2IIΩ∗ ,

Q2 = N∗2 − 2IIΩ∗ , (A.7)

N∗ = A∗
3 + A4

P
(A.8)
ε
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Table A.1
Model parameters for the pressure strain and dissipation rate anisotropy model

C0
1 C1

1 C2 C3 C4 CΩ

WJ-EARSN, L-DRSM 4.6 1.24 0.47 2 0.56 0
GWJ-EARSM, NL-DRSM 5.24 2.05 0.25 2 0.2 0.5

where

N∗ =




A∗
3

3
+ (

P1 + √
P2

)1/3 + sign
(
P1 − √

P2
)∣∣P1 − √

P2
∣∣1/3

P2 � 0,

A∗
3

3
+ 2

(
P 2

1 − P2
)1/6 cos

(
1

3
arccos

(
P1√

P 2
1 − P2

))
, P2 < 0

(A.9)

and

P1 =
(

A∗2
3

27
+ A1A4

6
IIS − 2

3
IIΩ∗

)
A∗

3, (A.10)

P2 = P 2
1 −

(
A∗2

3
9

+ A1A4

3
IIS + 2

3
IIΩ∗

)3
, (A.11)

A∗
3 = A3 − c

(√
IIS − √−IIΩ

)
. (A.12)

For the GWJ-EARSMc = −CΩ/A0 whereCΩ = 0.5, see [13]. The EARSM by Wallin and Johansson is retrieved by pu
CΩ = 0 and henceN∗ → N . For both EARSMs the model parameters are{A1 = 1.2,A2 = 0,A3 = 1.8,A4 = 2.25}. Note
that Ω∗ denotes the curvature corrected rotation rate tensorΩ as defined in (20). For the WJ-EARSMA0 = −0.72 and for
the GWJ-EARSMA0 = −0.9. SinceA1 − A4 are kept constant andA0 is recalibrated when the nonlinear pressure strain
model is used, the model parameters in (11) are changed according to Table A.1.

For 3D mean flows the exact expression forN is given by the solution to a sixth order polynomial equation, for which
analytical solution has been found. Therefore, the corresponding 2D solution, which is given by a cubic equation, is o
as an approximation also for 3D mean flows. Wallin and Johansson [6] used the sixth order equation to derive a cor
the cubic solution for 3D mean flows. The correctedN is on the form

Ncorr = N∗ + 162(φ1 + φ2N∗2)

D
(A.13)

where the denominator,D, is given by

D = 20N∗4
(

N∗ − 1

2
c′
1

)
− τ2IIΩ∗

(
10N∗3 + 15c′

1N∗2) + 10c′
1τ2II2

Ω∗ (A.14)

and

φ1 = IV2 φ2 = (V − IIS IIΩ∗/2) (A.15)

where

IIs = {
S2}, IIΩ∗ = {

Ω∗2}
, IV = {

SΩ∗2}
, V = {

S2Ω∗2}
. (A.16)

Note that for the rotating pipe caseIV is zero.V is not zero, however, and for a 2D mean flowV 2D = 1
2II2D

S
II2D

Ω∗ (φ2 = 0).
Therefore,Ncorr can be writtenNcorr = N∗(1 + ψ) whereψ = 162φ2N∗/D. ψ can thus be seen as the relative influence
the correction onNcorr compared toN∗. ψ is plotted in Fig. A.1. From this point of view, the 3D character of the mean flo
clearly stronger forRo = 1 than forRo = 0.5. If theN -correction is not used forRo = 1, ψ attains even larger values.

Appendix B. Daly and Harlow diffusion model for cylindrical geometry

In a cylindrical geometry the modelled diffusion described by (14) and (15) can be conveniently split into two parts ac
to

Dij = 1 ∂
[
r

(
ν + cs

K
urur

)
∂uiuj

]
+D(ex)

ij
(B.1)
r ∂r ε ∂r
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Fig. A.1.ψ from WJ-EARSM forRo = 0.5 (−−) andRo = 1 (−) with N -correction.

D(ex)
ij

consists of all the terms that arise due to differentiation of the basis vectors with respect to the azimuthal coordθ .

D(ex)
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is symmetric and traceless and its components read
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